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Ž .Let A, be a local ring of dimension d 2 and let I be an
-primary ideal. The Rees algebra of I is, by definition, the graded ring
Ž .  R I  A It , where the degree of elements of A is zero and t is an
Ž .indeterminate of degree 1. Then the ring homomorphism A R I
Ž .induces a morphism  : Proj R I  Spec A, the blowing-up of Spec A
with respect to the ideal I. Various properties of Rees algebras, e.g.,
CohenMacaulay and Gorenstein properties, have been studied by com-
mutative algebraists. The condition for Rees algebras to have rational
   singularities has been studied by Lipman L , Hyry Hy , and others.
 Motivated by their works, we studied in HWY the F-rationality of Rees
algebras over a local ring of characteristic p 0.
F-rationality is defined via tight closure in rings of characteristic p 0
 FW, HH1 and is known to correspond to rational singularity in character-
 istic zero via reduction modulo p 0 H2, MS, S1 . Tight closure also
enables us to define F-regularity, which is another important class of rings
 in characteristic p 0 HH1 and corresponds to log terminal singularity
under the -Gorenstein property. The notion of F-regularity has a few
variants, among which we are mainly concerned here with strong F-regu-
 larity defined via splitting of the Frobenius map HH2 , rather than weak
F-regularity defined via tight closure. These variants are known to coincide
for -Gorenstein rings and rings of dimension at most three and are
expected to coincide in general.
As far as we are aware, not much is known about the F-regularity of
Rees algebras. The purpose of this paper is to investigate the F-regularity,
and related geometric aspects such as log terminal singularity, of Rees
Ž .algebras R I , especially in the case where I is an -primary ideal of a
Ž .two-dimensional local ring A, .
Ž .An advantage in studying the F-regularity of a Rees algebra R I in
terms of strong F-regularity is that it is interpreted geometrically as a
Ž .property of the blowing-up X Proj R I . For a variety of characteristic
p 0, we consider the global version of the notion of strong F-regularity,
Ž  .which we call global F-regularity Definition 1.1; cf. S2 . This property
implies that the variety under consideration is F-split, i.e., the Frobenius
 map of the structure sheaf splits MR . The relationship of strong F-regu-
 larity with global F-regularity is parallel to that of F-purity HR with
Ž .F-splitting. Globally F-regular resp. F-split varieties are locally strongly
Ž . Ž .F-regular resp. F-pure , and a Rees algebra R I is strongly F-regular
Ž . Ž . Žresp. F-pure if and only if X Proj R I is globally F-regular resp.
.F-split .
In dimension two, a normal surface of characteristic p 0 is globally
Ž .F-regular resp. F-split if and only if its minimal resolution is. This gives
Ž .an extremely simple criterion for R I to be F-regular, in the case where I
is an integrally closed -primary ideal of a two-dimensional normal local
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˜Ž .ring A, such that IO is invertible on the minimal resolution X ofX˜
Ž Ž .Spec A. When A, is a Gorenstein rational singularity, this means that
  .I is a ‘‘good ideal’’ in the sense of GIW ; see Definition 3.7. In this case,
Ž . Ž .R I is F-regular if and only if A is F-regular Corollary 2.2 , and, in
Ž r . Ž .particular, R  is F-regular for all r whenever A, is F-regular
Ž  .see also H1, WY . However, the F-regularity of A does not necessarily
Ž .imply the F-regularity of R I in general.
Let us preview our main result briefly. Let I be an integrally closed
Ž .-primary ideal of a two-dimensional normal local ring A, of charac-
Ž .teristic p 0. Then the Rees algebra R I is F-regular if and only if the
˜ ˜Ž .minimal resolution X of X Proj R I is globally F-regular. If X X  is
any birational morphism to a normal surface, then the global F-regularity
˜ Ž .of X descends to X . So, in particular, if R I is F-regular, then X  is
locally F-regular. We ask the converse of this implication: If any normal
˜ Ž .surface X  obtained by blowing down X is locally F-regular, is R I
F-regular? Apparently, this question seems too much to ask, because
global F-regularity is much stronger than local F-regularity in general. But
an affirmative answer to the question implies that the global F-regularity
of X  follows from the local F-regularity. We prove in Theorem 2.6 that
this is the case for ‘‘sufficiently large’’ characteristic p.
To be precise, Theorem 2.6 gives a geometric characterization of Rees
algebras of F-regular type with respect to an -primary ideal of a two-
dimensional local ring of characteristic zero. A ring essentially of finite
type over a field of characteristic zero is said to have F-regular type if its
reduction modulo p is F-regular for, roughly speaking, all p 0. So
Theorem 2.6 is a result in characteristic zero, and we cannot rule out the
possibility that such a characterization fails in fixed characteristic p 0.
Since the F-regular type is equivalent to log terminal singularity under
 the -Gorenstein property H2, HW , it seems significant to restrict our
interest to -Gorenstein Rees algebras. However, it turns out that -
Gorensteinness forces a very strong restriction on the structure of Rees
Ž .algebras. Actually, we prove in Theorem 3.4 that if a Rees algebra R I of
Ž .an -primary ideal I of a two-dimensional local ring A, is F-regular
Ž .and -Gorenstein, then R I is in fact Gorenstein and A is regular.
Our exposition in this paper is in some sense a geometric counterpart of
 the preceding paper HWY . We use various geometric methods such as
resolution of singularities, via which several important classes of singulari-
Ž .ties e.g., log terminal, rational, and terminal singularities are defined.
Then the correspondence of these singularities in characteristic zero with
Ž .F-singularities F-regular, F-rational, and F-terminal allows us to translate
between results in characteristic zero and those for F-singularities. Based
on this philosophy, we prove in Theorem 3.2, which is a characteristic zero
  Ž .version of HWY, Theorem 4.2 , that a Rees algebra R I has rational
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Ž .  1 singularities if and only if the extended Rees algebra R I  A It, t
does. In Section 3 we prove some miscellaneous results concerning singu-
larities of Rees algebras of higher dimension.
0. DEFINITIONS AND PRELIMINARIES
The notion of F-regularity defined for rings of characteristic p 0 has a
few variants. In this paper we mainly consider strong F-regularity defined
as follows.
DEFINITION 0.1. Let R be a reduced ring of characteristic p 0 which
Ž 1 p .is F-finite i.e., the inclusion map R R is module-finite .
Ž . 1 pi We say that R is F-pure if the map R R splits as an
R-linear map.
Ž .ii We say that R is strongly F-regular if for every element c R
not in any minimal prime of R there exists a power q pe such that the
inclusion map c1 qR R1 q splits as an R-linear map.
We also have the notion of weak F-regularity defined via tight closure.
 DEFINITION 0.2 HH1, FW . Let R be a Noetherian commutative ring
of prime characteristic p 0. For an ideal I of R and a power q pe of
p, we denote by I q  the ideal generated by the qth powers of the elements
of I. The tight closure I* of I is defined to be the ideal consisting of all
elements z R for which there is an element c not in any minimal prime
of R such that
cz q I q 
for all large q pe. We say that R is weakly F-regular if every ideal of R is
Ž .tightly closed. A local ring R, is said to be F-rational if some ideal
generated by a system of parameters of R is tightly closed. When R is not
local, we say that R is F-rational if every local ring of R is F-rational.
Remark 0.3. Strong F-regularity is a priori stronger than weak F-regu-
larity, but they are known to coincide for rings with at most isolated
non--Gorenstein points, and so in particular for rings of dimension 	 3
  ŽMc, Wi . -Gorenstein means that the canonical class has a finite order
.in the divisor class group of every local ring. The following implications
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Also, a Gorenstein F-rational ring is strongly F-regular.
We can extend these concepts to rings in characteristic zero, as follows.
Discussion 0.4. Let R be an algebra essentially of finite type over a
field k of characteristic zero. One can choose a finitely generated -alge-
bra A contained in k and a subalgebra R of R essentially of finite typeA
over A such that R 
 k R is an isomorphism. For a maximal ideal A A
of A, we consider the base change Spec A Spec A to get a prime
characteristic ring R  R 
 A. We say that R has F- type if R A A 
is F- for all maximal ideals  in some dense open subset of Spec A.
Ž  .This definition does not depend on the choice of A and R see HH4 .A
The ring R is considered to be a ‘‘prime characteristic model’’ of the
original ring R, and we refer to such R for maximal ideals  in a suitable
dense open subset of Spec A as ‘‘reduction to characteristic p 0’’ of R.
Furthermore, given a morphism of schemes essentially of finite type over k
Žand even more, a commutative diagram consisting of a finite collection
.thereof , e.g., a resolution of singularities f : X Spec R, we can reduce
this entire setup to characteristic p 0. We use the phrase ‘‘in character-
istic p 0’’ when we speak of such a setup reduced from characteristic
zero to characteristic p 0.
On the other hand, the notion of rational singularities is defined in
terms of resolution of singularities in characteristic zero. In algebraic
geometry, we also have the following important classes of singularities in
characteristic zero.
DEFINITION 0.5. A normal -Gorenstein variety V of characteristic
Ž .zero is said to have log terminal resp. terminal singularities if for every
˜ sresolution of singularities f : V V with exceptional divisor  E , thei1 i
s Ždiscrepancy divisor K  f *K Ý a E has coefficients a 1 resp.V˜ V i1 i i i
.a  0 for i 1, . . . , s.i
The above definition makes sense even in characteristic p 0 if, for
example, the singularity under consideration is two-dimensional. It is well
known that two-dimensional terminal singularities are in fact regular.
It is known that a ring R essentially of finite type over a field of
Žcharacteristic zero is of F-rational type resp. F-regular type and -Goren-
. Žstein if and only if Spec R has only rational singularities resp. log
. terminal singularities . For proofs and generalizations, see H2, HW, MS,
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  S1 . See also W4 and Section 3 for an attempt at a Frobenius characteri-
zation of terminal singularities.
1. STRONG F-REGULARITY OF REES ALGEBRAS AND
GLOBAL F-REGULARITY
In this section we consider the global versions of strong F-regularity and
F-purity and make use of them to study strong F-regularity and F-purity of
Rees algebras.
Let Y be an F-finite scheme of characteristic p 0; i.e., the Frobenius
morphism F: Y Y is finite. One says that Y is F-split if the Frobenius
ring homomorphism F: O  FO splits as an O -module homomor-Y Y Y
 phism MR . We introduce an analogous notion of ‘‘global F-regularity’’ to
study the strong F-regularity of Rees algebras. The terminology ‘‘globally
 F-regular’’ is used by K. E. Smith S2 as an abbreviation of ‘‘globally
 strongly F-regular.’’ In an earlier paper H1 the name ‘‘strongly F-split’’ is
 also used, but the concept itself naturally arises in W1 .
DEFINITION 1.1. Let Y be a projective scheme over an F-finite ring A
of characteristic p 0. We say that Y is globally F-regular if for any
effective Cartier divisor D on Y, there exists e such that the composi-
F e e e Ž .tion map O FO  FO D splits as an O -module homomor-Y Y Y Y
phism, where F e: O  Fe O denotes the e-times iterated FrobeniusY Y
map.
Note that the above definition includes the case where Y Spec A. In
Ž .this case it follows that Y Spec A is globally F-regular resp. F-split if
Ž .and only if A is strongly F-regular resp. F-pure . More generally, we have
the following
PROPOSITION 1.2. Let Y be an integral scheme of finite type oer an
F-finite ring A of characteristic p 0, with an ample Cartier diisor H.
Ž . Ž .1 If Y is globally F-regular resp. F-split , then Y is locally strongly
Ž . ŽF-regular resp. F-pure ; i.e., the local ring O is strongly F-regular resp.Y , y
.F-pure for eery y Y. In the case where Y Spec A, the conerse is also
true.
Ž .2 If f : Z Y is a projectie morphism with fO  O and if Z isZ Y
Ž .globally F-regular resp. F-split , then so is Y.
Ž .3 Y is globally F-regular if and only if , for any n 0 and nonzero
0Ž Ž .. e eelement cH Y, O nH , there exists q p such that the map cF :Y
e Ž .O  FO nH splits as an O -module homomorphism.Y Y Y
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Proof. We prove only the assertions for global F-regularity. The proofs
Ž . Ž . Ž of 1 and 2 for the F-split case are similar but easier see also MR,
 Ž ..Proposition 4 for assertion 2 .
Ž .1 Assume that Y is globally F-regular and let y Y be any point.
Let c be a nonzero element of the local ring R O at y Y. We canY , y
 choose an effective Cartier divisor D nH for some n 0 such that
Ž . eD div c . Then there exists q p such that the composition mapY
F e e e Ž .O FO  FO D splits. This splitting gives a splitting of O Y Y Y Y , y
Ž .1 q Ž Ž ..1 q Ž .O D and of O  O div c , since D div c . Thus theY , y Y , y Y , y Y Y
map c1 qR R1 q splits as an R-module homomorphism, so R is strongly
F-regular.
Next let Y Spec A and assume that Y is locally strongly F-regular. Let
c A be any nonzero element. Then for every  Y, there exists q pe
Ž . 1 q 1 qdepending on  such that the map c A  A splits as an A -mod-  
ule homomorphism. Since A1 q is an A-module of finite presentation, this
splitting extends to an affine open neighborhood of . Hence Y is covered
by a finite number of affine open subsets U  Spec A with each Ai i i
strongly F-regular. Then for each i, there exists q  such that the mapi
1 q 1 q e Ž  . ec A  A splits for all q p  q cf. HH2 . Hence, if q p i i i
 4 1 q 1 qmax q , then c A is a pure submodule of A , so that the inclusioni i
1 q 1 q map c A A splits as an A-module homomorphism by Ma, Theo-
rem 7.14 .
Ž .2 If Z is globally F-regular, then for every effective Cartier divisor
F ee eD on Y, there exists q p such that the composition map O FO Z Z
e Ž .FO f *D splits. Since fO  O , pushing down by f gives a splittingZ Z Y
F e e e Ž .of the O -module homomorphism O FO  FO D . Hence Y isY Y Y Y
globally F-regular.
Ž .3 Let D be any effective Cartier divisor on Y. Then the ampleness
of H guarantees that there exists n 0 and a nonzero element c
0Ž Ž .. Ž . eH Y, O nH such that div c D. Then for any q p , we have theY Y
following commutative diagram




e e Ž .FO FO DY Y
F e e e Ž .Hence the composition map O FO  FO D splits if the mapY Y Y
e e Ž . Ž .cF : O  FO nH does so. This proves the sufficiency of 3 . TheY Y
necessity is also clear.
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ŽRemark 1.3. We want to emphasize that global F-regularity resp.
. Ž . ŽF-splitting is much stronger than local strong F-regularity resp. local
.F-purity . In particular, if a projective variety X over a perfect field of
Ž .characteristic p 0 is globally F-regular resp. F-split then the anticanon-
Ž Ž .  .ical divisor K of X is big resp. 1 p K has an effective member .X X
Also, it is easy to show that Kodaira vanishing holds on F-split varieties
 MR and that refinements such as KawamataViehweg vanishing hold on
 globally F-regular varieties H3, S2 , although these vanishing theorems
break down in characteristic p 0 in general. Note also that Proposition
Ž .1.2 2 holds only for ‘‘globally F-regular’’ and ‘‘F-split,’’ but not for ‘‘locally
F-regular’’ or ‘‘F-pure.’’
Ž .Next we consider the case where the converse of Proposition 1.2 2
holds.
PROPOSITION 1.4. Let f : Y Z be a birational morphism of normal
projectie schemes oer an F-finite ring of characteristic p 0. Assume that Z
is -Gorenstein and that the anti-discrepancy f *K  K of f is an effectieZ Y
Ž .-diisor on Y. Then Y is globally F-regular resp. F-split if and only if Z is
Ž .globally F-regular resp. F-split .
Ž .Proof. The necessity follows from Proposition 1.2 2 , since fO  OY Z
by the normality. We prove the sufficiency for global F-regularity. The
proof for F-splitting is similar. The point to prove the sufficiency is that
1.4.1 fO nK  O nK for n 0.Ž . Ž . Ž .Y Y Z Z
This follows from the assumption that f *K  K is effective, by LemmaZ Y
1.5 below. We also note that there are ample Cartier divisors H on Z and
˜ ˜H on Y, respectively, such that H	 f *H. Hence any nonzero element
0 ˜ 0Ž Ž .. Ž Ž ..cH Y, O nH for n 0 lies in H Z, O nH .Y Z
e Ž .Now assume that Z is globally F-regular, and let  : FO nH  OZ Z
e e Ž . Ž .be a splitting of cF : O  FO nH . By 1.4.1 , one has thatZ Z
Ž1q. ˜ Ž1q.Ž Ž .. Ž .f  nH   nH , and this containment givesY Z
e ˜ eHom FO nH , O Hom FO nH , OŽ .Ž . Ž .Ž .O Y Y O Z ZY Z
Ž    .by the adjunction formula see MR and HW, Lemma 3.4 . Hence  lies
e e ˜Ž .on the left-hand side and gives a splitting of cF : O  FO nH . ThusY Y
we see that Y is globally F-regular provided Z is.
LEMMA 1.5. Let f : Y Z be a proper birational morphism of normal
Ž .arieties of any characteristic and let D and E be -diisors on Y and Z,
respectiely. Assume that E is -Cartier and that D f *E is an effectie
Ž . Ž .f-exceptional -diisor. Then fO D  O E .Y Z
Proof. The statement is local on Z, so we may assume without loss of
generality that Z is affine. Let r 0 be an integer such that rE is Cartier.
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Then
H 0 Y , O rD H 0 Y , O f * rE  rŽ . Ž .Ž .Ž . Ž .Y Y
H 0 Y , O f * rE H 0 Z, O rEŽ . Ž .Ž . Ž .Ž .Y Z
by the projection formula. On the other hand, if V Z is an open subset
 1Ž .of codimension  2 such that f : U f V  V is an isomorphism,U
then
0 0 H Y , O nD H U, O nDŽ . Ž .Ž . Ž .UY U
0  0H V , O nE H Z, O nEŽ . Ž .Ž .Ž .VV Z
for every n 0, and this is viewed as a containment in the rational
function field of Y and Z. If we assume that there exists a section
0Ž Ž .. 0Ž Ž .. Ž .sH Z, O E which is not in H Y, O D , then the value  s of sZ Y 
Ž .along some prime divisor  on Y is less than the coefficient coeff D of
r 0Ž Ž .. Ž r .D in . Then for the r-fold section s H Z, O rE , one has  s Z 
Ž . r 0Ž Ž ..coeff rD , so that s  H Y , O rD , a contradiction. Hence Y
0 0Ž Ž .. Ž Ž ..H Y, O D H Z, O E , as required.Y Z
ŽOur next objective is to give a criterion for strong F-regularity resp.
.F-purity of Rees algebras. For this purpose we review some generalities
 about graded rings in 1.7 and reformulate the criteria obtained in W1 in
Ž .terms of global F-regularity resp. F-splitting .
We begin with the following fundamental lemma, which is applicable to
both -graded and -graded rings.
LEMMA 1.6. Let R R be an F-finite graded domain of charac-nn
teristic p 0. Then R is strongly F-regular if and only if , for any nonzero
homogeneous element c R, there exists q pe such that the inclusion map
11 q 1 qc R R splits as a -graded R-module homomorphism.
q
Proof. First note that the inclusion map R R1 q is viewed as a
1
graded homomorphism of degree 0 in the natural -grading, so that
q
11 qŽ .Hom R , R also has a structure of a -graded R-module.R q
Now, assume that R is strongly F-regular, and let c R be a nonzero
homogeneous element of degree n. If  : R R1 q is the R-modulec
homomorphism sending 1 to c1 q, then it is a graded homomorphism of
degree nq and has a splitting  : R1 q R. Since   id is ac R
graded map of degree 0, it is obvious that the degree nq piece n  q
Ž 1 q .of Hom R , R also gives a splitting of  . This proves theR c
necessity of our assertion.
Next we prove the sufficiency. Let c R be any nonzero element and
let cÝn c be the decomposition into homogeneous components withim i
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c  0. Then by the assumption, the R-module homomorphism  : Rn cn1 q 1 q 1 q  R sending 1 to c has a splitting : R  R for all q 0 HH2 ,n
and we may assume that  is a graded homomorphism of degree nq by
the above argument. Let us fix a sufficiently large q pe  nm. Then,
since
 c1 q   c1 q  			 c1 q  RŽ . Ž . Ž .m n
Ž 1 q. Ž 1 q .and since the degrees of  c , . . . ,  c are non-integers, we seem n1
Ž 1 q. Ž 1 q . Ž 1 q. Ž 1 q.that  c  			   c  0, so that  c   c  1. Hencem n1 n
 is also a splitting of  : R R1 q, proving that R is strongly F-regular.c
Let us fix the notation to be used through the remainder of this section.
Ž  .1.7. Setup cf. D, TW . Let R R be a Noetherian gradednn 0
ring of dimension  2 with degree 0 part R  A. We denote X Proj R0
Ž Ž ..and X Spec  O n , and let S be the closed subscheme of XX Xn 0 
Ž . Ž .defined by the ideal sheaf  O n of O , where O n  R n forŽ .X X Xn 0
n . Then we have the following ‘‘fundamental diagram’’:

 
S  X Spec R
  1.7.1 Ž .  
X Spec A
Now assume that R R is a normal graded domain and fix ann 0
 homogeneous element t of the field of fractions of R. Then by D , there is
Ž . Ž . nan ample -Cartier -Weil divisor D on X such that O n  O nD tX X
for every n , such that
R R X , D  H 0 X , O nD t n .Ž . Ž .Ž . X
n0
In the sequel we propose the assumption that D has integer coefficients
Ž . Ž .but is not necessarily a Cartier divisor ; i.e., O n is the reflexive hull ofX
Ž .
nO 1 for every n 0.X
PROPOSITION 1.8. With the notation as aboe, let R R benn 0
Ž .normal and F-finite of characteristic p 0 and assume that R R X, D for
Ž .an ample -Cartier Weil diisor D with integer coefficients on X Proj R.
Ž .Then R is strongly F-regular resp. F-pure if and only if X is globally
Ž .F-regular resp. F-split .
Proof. We prove only the assertion for strong and global F-regularity.
The proof for F-purity and F-splitting is similar but easier.
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First assume that R is strongly F-regular. Then for any nonzero element
c R of degree i, there exists q pe such that the map c1 qR R1 q
splits as an R-linear map. We can identify this map with the graded
Ž .1 q 1 qhomomorphism R R i sending 1 to c and may assume that the
splitting is also a graded homomorphism, by Lemma 1.6. Then the sheafifi-
Ž .1 qcation on X Proj R gives a splitting of the map O  O i sendingX X
1 to c1 q. Consequently, for any i 0 and any nonzero element c R i
0Ž Ž .. e e Ž .H X, O iD , the map cF : O  FO iD splits as an O -linear map.X X X X
Hence X is globally F-regular.
Assume now that X is globally F-regular. Then for any i 0 and any
0Ž Ž .. e enonzero section cH X, O i , there exists q p such that cF :X
e Ž . e Ž .O  FO i has a splitting map  : FO i  O as an O -moduleX X X X X
Ž .homomorphism. Then, since D has integer coefficients, id
  : O n 
X
e Ž . Ž . Ž . e Ž .FO i  O n 
 O  O n induces a map  : FO qn i X X X X n X
Ž .O n for each n 0. We consider an O -module homomorphism,X X
˜ e e : FO  FO m  O  O n ,Ž . Ž . X X X X
m0 n0
e Ž . e Ž .which sends a section s of FO m in FO to the section  sX X Žmi. q
ŽŽ . .of O m i q in O if m i mod q and to 0 if m i mod q. Then itX X
˜is easy to see that  is an O -module homomorphism and gives a splittingX
of the map cF e: O  Fe O . Taking the global sections, we have aX X
1 q 1 qsplitting of c R R , so that R is strongly F-regular by Lemma 1.6.
Remark 1.9. The proof of Proposition 1.8 also works for the -graded
Ž . 0Ž Ž .. nring R R X, D  H X, O nD t if we consider X Xn
Ž Ž ..Spec  O n instead of X . Consequently, under the assumption ofX Xn
Ž .Proposition 1.8, the strong F-regularity resp. F-purity of R and R and
Ž .the global F-regularity resp. F-splitting of X are equivalent to each
Ž .  other. Note that, if R R I  A It is the Rees algebra of an ideal
Ž .  1 I A, then R R I  A It, t is the extended Rees algebra of I.
Ž .COROLLARY 1.10. With the notation as in 1.8, assume further that A,
1Ž .is a local ring of dimension d and denote the closed fiber of  by E   .
Then
Ž . Ž .1 R R X, D is F-pure if and only if the induced Frobenius map
F : H d O K H d O pKŽ . Ž .Ž . Ž .E X X E X X
is injectie.
Ž .2 Assume that  : X Spec A is a birational morphism. Then
Ž .R R X, D is strongly F-regular if and only if , for any nonzero element
c A, there exists q pe such that the map
cF e : H d O K H d O qKŽ . Ž .Ž . Ž .E X X E X X
is injectie.
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Ž .Proof. 1 By Proposition 1.8, R is F-pure if and only if X is F-split
or, equivalently, if the map
F: Hom FO , O Hom O , OŽ . Ž .O X X O X XX X
induced by the Frobenius F : O  FO is surjective. SinceX X
Ž e . Ž e Ž e . .Hom FO , O  Hom FO p K ,  is Matlis dual toO X X O X X XX XdŽ e Ž e .. dŽ Ž e ..H FO p K H O p K , this is equivalent to saying that F:E X X E X X
dŽ Ž .. dŽ Ž ..H O K H O pK is injective.E X X E X X
Ž .2 Since  : X Spec A is a birational projective morphism, we
Ž .can choose a - ample Cartier divisor H such that H is effective. Then
X is globally F-regular if and only if, for any n 0 and nonzero c
0Ž Ž .. e eH X, O nH  A, there exists q p such that the map cF : O X X
e Ž .FO nH splits as an O -module homomorphism. This map has a split-X X
e e Ž .ting if the map cF : O  FO does, since O nH  O . Consequently,X X X X
R is strongly F-regular if and only if, for any nonzero element c A, there
exists q pe such that the map cF e: O  Fe O splits as an O -moduleX X X
Ž .homomorphism. Arguing as in the proof of 1 , we see that this splitting is
e dŽ Ž ..equivalent to the injectivity of the map cF : H O K E X X
dŽ Ž ..H O qK .E X X
Ž .Remark 1.11. If R R I is an ideal-adic Rees algebra, then R
Ž .R X, D for an ample Cartier divisor D on X Proj R, so that the
assumption on D in Proposition 1.8 and Corollary 1.10 is satisfied. How-
ever, Proposition 1.8 and Corollary 1.10 are also applicable to the case
where D is an ample -Cartier Weil divisor. In particular, the strong
Ž .F-regularity of R R X, D for such D depends only on X Proj R and
does not depend on individual D.
There are criteria similar to those of Proposition 1.8 and Corollary 1.10
in the general case where D is an ample -Cartier -Weil divisor. In this
Ž .case, the strong F-regularity of R X, D may be characterized by a suitably
Ž .defined global F-regularity of the pair X, D , where D is the ‘‘fractional
  Ž  .part’’ of the -divisor D as defined in W1 see also HW . When A is a
field, Corollary 1.10 is just a special case of a more general criterion W1,
Theorem 3.3 .
2. F-REGULARITY OF REES ALGEBRAS OVER
TWO-DIMENSIONAL LOCAL RINGS
In this section, we study the F-regularity of Rees algebras of -primary
ideals in two-dimensional local rings. Note that we simply say ‘‘F-regular,’’
since strong F-regularity and weak F-regularity are equivalent for rings of
 dimension at most three Wi .
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Ž .Let A, be a two-dimensional local ring of characteristic p 0 and
let I A be an -primary ideal. The F-regularity version of Boutot’s
Ž .theorem says that the F-regularity of the Rees algebra R I descends to A
Ž  .cf. HH1 . Hence we may assume without loss of generality that A has a
Ž nrational singularity and I is integrally closed. This implies that I is
  .integrally closed for all n L .
  Ž .In the above situation, we proved in HWY that R I is F-rational if A
is F-rational. On the other hand, we have examples of integrally closed
Ž .-primary ideals I in a non-F-rational rational surface singularity A,
Ž .of any fixed characteristic p 0 such that R I is F-rationalin other
words, examples in which the F-rationality version of Boutot’s theorem
 breaks down W3, HWY .
We now consider a similar question for F-regularity. As we mentioned
Ž .above, A is F-regular if R I is. However, contrary to the F-rational case,
Ž .we can no longer expect the converse. The F-regularity of R I forces
Ž .somewhat stronger conditions on I. If R I is F-regular, then X
Ž . Ž .Proj R I should be globally F-regular Proposition 1.8 , but this is too
much to ask in general, as we will see in Example 2.3 below.
First we give examples of F-regular Rees algebras. The point of the
construction is the following
LEMMA 2.1. Let X be a normal projectie surface oer an F-finite ring of
˜characteristic p 0 and let g : X X be the minimal resolution. Then X is
˜Ž . Žglobally F-regular resp. F-split if and only if X is globally F-regular resp.
.F-split .
˜Proof. Since g is the minimal resolution, the canonical divisor K of XX˜
is g-nef. This implies that the anti-discrepancy g*K  K of g is˜X X
effective, since the intersection matrix of the exceptional set is negative
definite. Hence the conclusion follows from Proposition 1.4.
Ž .COROLLARY 2.2. Let A, be a two-dimensional normal local ring
essentially of finite type oer a field of characteristic p 0 and let I be an
integrally closed -primary ideal such that IO is an inertible sheaf on theX˜
˜ Ž .minimal resolution X of Spec A. Then R I is F-regular if and only if A is
Ž .F-regular. In particular, if A, is a two-dimensional F-regular ring, then
Ž r .R  is F-regular for eery r.
Corollary 2.2 shows that a two-dimensional F-regular local ring admits
an -primary ideal whose Rees algebra is F-regular. On the other hand,
the following example suggests that we can always construct a non-F-regu-
lar Rees algebra over an F-regular ring.
Ž .EXAMPLE 2.3. Let A, be a two-dimensional regular local ring. We
can successively blow up at suitable smooth points to obtain a projective
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˜ ˜birational morphism f : X Spec A with X nonsingular such that the
dual graph of the exceptional set of f is as follows:
D E2 2
E D C D E1 1 3 3
D E4 4
Ž . Ž 1.Here C, D , and E i 1, 2, 3, 4 denote the f-exceptional curves i i
with the self-intersection numbers C 25, D22, and E 21.i i
4 Ž .Consider an anti-f-nef exceptional cycle Z 4CÝ 5D  6E andi1 i i
0 ˜Ž Ž .. Ž .let IH X, O Z . Let R R I be the Rees algebra of the inte-X˜
grally closed -primary ideal I A. Then X Proj R is obtained by
4 ˜ ˜contracting C D in X, and the contraction morphism g : X Xi1 i
is the minimal resolution. Since g contracts C 4 D to a rationali1 i
singularity which is not log terminal, X is not locally F-regular. Hence X
Ž .is not globally F-regular, so that R R I is not F-regular by Proposi-
tion 1.8.
2.4. Notation. Throughout the remainder of this section we work un-
Ž .der the following notation unless otherwise specified. Let A, be a
two-dimensional local ring essentially of finite type over a perfect field k
with only a rational singularity and let I be an integrally closed -primary
ideal. Then I n is integrally closed for all n and the Rees algebra
Ž .     Ž .R I  A It is normal L . Let  : X Proj R I  Spec A be the blow-
˜ing-up with respect to I and let g : X X be the minimal resolution.
˜Then f   g : X Spec A is the smallest resolution such that IO isX˜
Ž .an invertible sheaf. We denote the exceptional set of f   g resp. 
˜ ˜ sŽ .by E resp. E and let E E be the decomposition into irreduciblei1 i
components E , . . . , E .1 s
2.5. Discussion. Let the notation be as in 2.4. Given any set A of
f-exceptional curves such that E E is connected, there exists aE  A ii˜birational projective morphism X X  which contracts E to a point
˜x X  with only rational singularity and induces an isomorphism X  E
 4 Ž  . X   x see A . In this case we say simply that a connected subgraph
˜ Ž .E of E contracts to a rational singularity X , x .
Ž . Ž .Now, if we write R 1  IO  O Z for an anti- - ample -excep-Ž . X X
n 0Ž n . 0Ž Ž ..tional effective cycle Z, then I H X, I O H X, O nZ .X X
Ž . Ž .Hence we have the Demazure expression R I  R X,Z as in 1.7.
Ž . Ž .When char k p 0, it follows that R I is strongly F-regular if and
˜only if X is globally F-regular or, equivalently, if X is globally F-regular
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Ž .Proposition 1.8 and Lemma 2.1 . If this is the case, then every connected
˜subgraph E of E contracts to an F-regular singularity by Proposi-
Ž .tion 1.2 2 .
The main theorem in this section says that the converse of this observa-
tion holds true in characteristic zero or p 0.
Ž .THEOREM 2.6. With the notation as in 2.5, let char k 0. Then R I has
˜ sF-regular type if and only if eery connected subgraph of E Ei1 i
Ž .contracts to an F-regular type or, equialently, a log terminal singularity.
˜Proof. The necessity is straightforward: Let X X  be a contraction
˜of a connected subgraph of E to a point x X . One can reduce this
contraction morphism to characteristic p 0, together with the entire
setup in 2.4. Then, after reduction to characteristic p, the F-regularity of
Ž . Ž .R I implies that X , x is an F-regular point, as we have observed in 2.5.
The proof of the sufficiency is divided into several steps. First we sketch
an outline. Our idea is to consider the ‘‘anti-canonical ring’’
R X ,K  H 0 X , O nK T nŽ . Ž .Ž .X X X
n0
˜ ˜Ž .of X. This is equal to the anti-canonical ring R X,K of X, since g :X˜
˜ Ž . Ž .X X is the minimal resolution 2.1.1 . Also, we prove that R X,K X
˜Ž . R X, K is a finitely generated A-algebra and that Y X˜
˜ ˜Ž .Proj R X,K is obtained by contracting some subgraph of E X.X
Ž .Then in characteristic p 0, it follows that the F-regularity of R I and
Ž .R X,K are equivalent. This makes the situation better, becauseX
Ž . Ž .R X,K is Gorenstein, so that in characteristic zero, R X,K hasX X
Ž .F-regular type if and only if it has log terminal or, equivalently, rational
Ž Ž . .singularities. R I is not even -Gorenstein in general. On the other
Ž .hand, it is proved that R X,K has log terminal singularities if Y hasX
˜log terminal singularities. Because our assumption on subgraphs of E
Ž .implies that Y has log terminal singularities, we see that R X,K andX
Ž .hence R I have F-regular type.
Now we shall step into the detailed proof of the sufficiency. To begin
with, let us recall the following
Discussion 2.7. Let the notation be as in 2.4. Then we have the unique
˜Zariski decomposition of the anti-canonical divisor K of X, that is, aX˜
˜decomposition K  PN into -divisors P and N on X with theX˜
 following properties Fu :
Ž .1 P is f-nef, i.e., PE  0 for each i.i
Ž .2 N is an f-exceptional effective divisor.
Ž . Ž .3 If E  Supp N , then PE  0.i i
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Then for n 0, the Zariski decomposition ofnK isnK  nP nN,˜ ˜X X
so that
0 ˜ 0 ˜2.7.1 H X , O nK H X , O nP .Ž .  	Ž .Ž .˜ ˜ ˜Ž . Ž .X X X
 For a proof, see, e.g., H2, Lemma 3.5 .
 The following is essentially proved by Sakai Sa, Section 4 in a global
situation.
Ž  . Ž .LEMMA 2.8 cf. Sa . Assume notation as in 2.4. If A, is a rational
Ž .singularity, then the anti-canonical ring R X,K is a normal, finitelyX
˜generated A-algebra, and we hae a birational A-morphism h: X Y
Ž .Proj R X,K with anti-discrepancy h*K  K N. The anti-canonical˜X Y X
Ž .model Y Proj R X,K has only rational singularities and satisfies theX
following properties:
Ž .1 K is ample with respect to the natural morphism : Y Spec A.Y
Ž . Ž . Ž .2 R X,K  R Y,K .X Y
Proof. Let K  PN be the Zariski decomposition as in 2.7.X˜
˜ ˜Ž . Ž . Ž . ŽThen R R X,K  R X,K  R X, P by Lemma 1.5 cf.˜X X
. Ž . Ž .Lemma 2.1 and 2.7.1 . Also, since A, is rational and P is f-nef, P is
 f-generated or, equivalently, generated by global sections in this case A .
˜Ž .Hence R R X, P is a normal, finitely generated A-algebra. We choose
an integer m 0 so that mP has integer coefficients and the Veronese
Žm. ˜Ž .subring R  R X, mP is generated by elements of degree 1 over A.
0 ˜Ž Ž ..Then, for fixed generators s , . . . , s of the A-module H X, O mP ,˜0 r X
˜ rone has an A-morphism  : X which induces a birationalm P  A
˜ Žm.A-morphism g : X Y to a closed subscheme Y Proj R Proj R of
r   ; see, e.g., Hart, Chap. II, Sect. 7 .A
˜ ˜Since h: X Y is an isomorphism outside the exceptional set E of f :
X˜ Spec A, the anti-canonical model Y is obtained by contracting the
˜subgraph E of E consisting of E ’s such that PE  0. Hence Y has onlyi i
˜rational singularities since every connected subgraph of E contracts to a
 rational singularity A .
Ž . Ž .To prove 1 and 2 , note that mP g*H for a hyperplane section H of
r Ž . ŽY in  by the construction. Then mK  g mK  g mP˜A Y X
. Ž . Ž .mN  g mP H, since g contracts every E  Supp N to a point byi
Ž .2.7 3 . Hence K is an ample -Cartier Weil divisor and Pg*K .Y Y
Ž .Since K g*K N with N effective, 2 follows from Lemma 1.5.X˜ Y
In characteristic zero, the following may be considered a corollary of
Theorem 2.6, but it is in fact characteristic-free and is proved with the use
of Lemma 2.8.
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Ž .COROLLARY 2.9. With the notation as in 2.4, assume that A, is a
Ž .rational singularity. Then the anti-canonical model Y Proj R X,K ofX
X has only log terminal singularities if and only if eery connected subgraph of
E˜E contracts to a log terminal singularity.i
˜Proof. Since Y is obtained by contracting some subgraph of E, the
sufficiency follows immediately.
To prove the necessity, note that Y has only log terminal singularities if
 	and only if N  0 by Lemma 2.8, where K  PN is the ZariskiX˜
decomposition as in 2.7. Suppose that there exists a connected subgraph
˜E of E which contracts to a non-log-terminal singularity, and let h:
X˜ Y  be the contraction of E. Then there is an irreducible component
of E, say E , whose coefficient in the anti-discrepancy  h*K  K1 A Y 
is at least 1.
Now write N  FG, where F is h-exceptional and G is not
Ž .h-exceptional but f-exceptional , respectively. Then G is effective, since
Ž . Ž .N is. Hence, for any E  Supp E  Exc h , one has GE  0. On thei i
other hand, since N N K  h*K P h*K is anti-h-X˜ Y  Y 
nef, one has that
FE  N  E GE 	 0Ž .i i i
Ž . Žfor all E  Exc h . Therefore one has that F 0, so that coeff Ni E1
. Ž . Ž . Ž .  coeff F  0. It follows that coeff N  coeff   1, whichE E E1 1 1
 	implies N  0.
It is now easy to prove
Ž .PROPOSITION 2.10. Let A, be a two-dimensional rational singularity
Ž .oer a perfect field of characteristic p 0 and let X Proj R I for an
Ž .integrally closed -primary ideal I A. Then the Rees algebra R I is
Ž . ŽF-regular if and only if the anti-canonical ring R X,K is F-regular or,X
Ž . .equialently, if R X,K is F-rational, since it is Gorenstein .X
Ž .Proof. First, note that R X,K is a finitely generated A-algebra byX
Lemma 2.8.
Ž . Ž . Ž Ž .As is seen in 2.5 and Lemma 2.8, R I  R X,Z resp. R X,K X
Ž .. R Y,K for an ample -Cartier integral Weil divisor Z onY
Ž . Ž Ž ..X Proj R I resp. K on Y Proj R X,K . Hence, by virtue ofY X
Ž . Ž Ž .. Ž .Proposition 1.8, R I resp. R X,K is strongly F-regular if and onlyX
Ž .if X resp. Y is globally F-regular. But X is globally F-regular if and only
˜ ˜if X is globally F-regular by Lemma 2.1, and X is globally F-regular if and
only if Y is globally F-regular by Proposition 1.4 and Lemma 2.8, since the
anti-discrepancy N g*K  K of g is effective.Y X
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Ž .Proof of Theorem 2.6 Continued. Let char k 0 and R R X,K X
Ž . R Y,K . To prove the sufficiency of Theorem 2.6, we may assumeY
that Y Proj R has log terminal singularities, since Y is obtained by
˜ Ž .contracting a subgraph of E Lemma 2.8 . Now, since the canonical
module of R is
  H 0 Y ,  nK T nŽ .Ž .R Y Y
n0
 H 0 Y , O 1 n K T n R 1Ž . Ž .Ž .Ž . Y Y
n0
 by TW, Corollary 3.3 , R is quasi-Gorenstein. Hence R has F-regular type
if and only if it has log terminal singularities or, equivalently, if it has
 rational singularities Ha, S1 . Hence by Proposition 2.10, our Rees algebra
Ž . Ž .R I is of F-regular type if and only if R R X,K is log terminal.X
Thus, the following proposition concludes the proof of Theorem 2.6.
Ž .PROPOSITION 2.11. Let A, be a two-dimensional rational singularity
Ž .of characteristic zero and let X Proj R I for an integrally closed -primary
Ž .ideal I A. Then R R X,K has log terminal singularities if and onlyX
if Y Proj R does.
Ž Ž . n. Proof. Let us denote Y Spec  O nK T . Then by TW,Y Y Yn 0
Proposition 3.2 , its canonical sheaf is
   nK T n O 1 n K T n O 1 ,Ž . Ž . Ž .Ž . Y Y Y Y Y Y
n0 n0
and, ignoring the grading, we have   O . Hence Y is quasi-Goren-Y Y
Ž .stein, as is R R Y,K . We consider the ‘‘fundamental diagram’’ forY
Ž .the normal graded ring R 1.7.1 ,

 
S  Y Spec R
  

Y Proj R Spec A,
 where 
 is an isomorphism in codimension 1 TW, Remark 1.3 . Hence
K  
*K , so that R has only log terminal singularities if and only if YY R
does.
Now let r be the index of Y and let w be a local generator of  Ž r ..Y
Then, locally on Y, the hypersurface in Y defined by w1T n 1 is an
Ž .anti- canonical covering of Y, which has Gorenstein rational singularities
 if and only if Y is log terminal K . If these equivalent conditions hold,
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Ž .then Y also has Gorenstein rational hence log terminal singularities by
 E . Hence Y has only log terminal singularities if Y does.
Ž .The ‘‘only if’’ part of the proposition is clear cf. Proposition 1.8 .
Ž .Remark 2.12. 1 For a fixed prime number p 0, one may ask if the
characteristic p version of Theorem 2.6 holds: If char k p 0 and if
˜every connected subgraph of E contracts to an F-regular point, then is
Ž . Ž .R I F-regular? The converse is true, as we have seen in 2.5. We do not
know the answer to this question. To prove it, we trace back the proof of
Proposition 2.11 and translate what we proved into the language of
F-regularity in characteristic p 0:
Ž . Ž .i If Y is locally F-regular, then R R Y,K is F-regular.Y
Ž .ii If Y Proj R is locally F-regular, then so is Y .
Ž .The obstruction is that we cannot prove or disprove assertion i . On the
Ž .   Ž  .other hand, assertion ii holds true by W2 see also F, W1 .
Ž . Ž2 It is also an open question both in characteristic zero and
.p 0 whether or not the sufficiency of Theorem 2.6 remains true if we
consider F-purity instead of F-regularity. It is clear that the necessity
Ž .remains true see 2.5 .
Ž .3 Let us say that the dual graph  of the exceptional set of a
resolution of a normal surface singularity is a GFR graph if every con-
nected subgraph of  contracts to a log terminal singularity. Given a
weighted dual graph , we can easily check whether or not it is GFR,
because the dual graphs of two-dimensional log terminal singularities are
classified. For example, the dual graph of the minimal resolution of every
log terminal singularity is GFR, while the graph in Example 2.1 is not
Ž .GFR. Theorem 2.6 asserts that R I has F-regular type if and only if I is
0 ˜ ˜ ˜Ž Ž ..obtained by IH X, O Z for some resolution f : X Spec A withX˜
˜Ž .a GFR dual graph of the exceptional set and an anti- f- nef cycle Z.
Ž .4 There are many GFR graphs, and it seems hopeless to put them in
Ž .a systematic classification. However, if we put the assumption that R I is
-Gorenstein, the situation gets much simpler, and we have a complete
classification. In fact, the -Gorensteinness implies the Gorensteinness;
see Theorem 3.4.
3. MISCELLANEOUS RESULTS
Ž .In this section, we prove miscellaneous results concerning F- singulari-
ties of Rees algebras in characteristic zero and p 0. First we prove some
results in general dimension and then apply them to two- and three-dimen-
sional cases.
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Ž .PROPOSITION 3.1. Let A, be a -Gorenstein normal local ring with
at most an isolated singularity, essentially of finite type oer a field k, and let I
be an -primary ideal. Assume that char k 0 or dim A 2. If the Rees
Ž .algebra R I has only log terminal singularities, then A has only a terminal
Ž .singularity. When dim A 2, the conclusion means that A is regular.
Ž .Proof. Let  : X Proj R I  Spec A be the blowing-up with respect
Ž .to I and let Z be the -exceptional Cartier divisor with IO  O Z .X X
˜ ˜Let g : X X be a resolution of singularities and put f   g : X
Spec A. We denote the antidiscrepancies of f and g by  and  ,g
Ž Ž . n.respectively. Also let X Spec  O nZ T and consider theX Xn 0
Ž . Ž .fundamental diagram for the graded ring R I as 1.7.1 .
Ž .Since R R I is -Gorenstein, there exist integers r 0 and b such
that the r th symbolic power  Ž r . of the canonical module  of R isR R
Ž .isomorphic to R b as a graded R-module. On the other hand, under the
Ž .  notation of 1.7.1 , one has K  *K  S by D , so thatX X
 Ž r . H 0 X ,  Ž r . nZ t n .Ž .Ž .R X
nr
Ž . 0Ž Ž .. nComparing this with R b  H X, O nZ t , one sees thatXnb
Ž r . Ž . Žrb and   O rZ . In other words, K 
 Z ‘‘
 ’’ denotesX X X  
.-linear equivalence , and, in particular, X is -Gorenstein.
Because  : X X has an 1-bundle structure, X is -Gorenstein, as is
˜ ˜X, and the resolution X X X induced by g : X X has the sameX
discrepancies as g. Hence X is log terminal if and only if X is, while X is
Ž . Ž .log terminal if and only if R I is, since 
 : X Spec R I is an isomor-
Ž .phism in codimension 1. Consequently, we deduce that X Proj R I has
Ž .only log terminal singularities, since R R I does by our assumption.
 	Hence  	 0.g
Now, it follows from K 
 Z that 
   g*Z. This impliesX   g
 	   g*Z, since both sides are f-exceptional. Hence one has  g
 	  g*Z	g*Z, since g*Z has integer coefficients. Since A has ang
isolated singularity, g*Z is supported on the exceptional set of f , so the
above inequality implies that the coefficient of  in every irreducible
f-exceptional divisor is negative. Therefore A has only a terminal singular-
ity.
Ž .Let A, be a local ring of characteristic p 0 and let I be an ideal.
Ž .Recall that the extended Rees algebra of I is defined to be R I 
 1  Ž . Ž .A It, t . It is easy to see that R I is strongly F-regular resp. F-pure if
Ž .and only if R I is; see Remark 1.7. On the other hand, we proved in
  Ž .HWY, Theorem 4.2 that if I is -primary and if the Rees algebra R I
Ž .and A are both F-rational, then so is the extended Rees algebra R I .
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This leads us to the following theorem in characteristic zero, since rational
singularity is equivalent to F-rational type, and since the rationality of
Ž .  R I implies the rationality of A by Boutot’s theorem B .
Ž .THEOREM 3.2. Let A, be a local ring essentially of finite type oer a
field of characteristic zero and let I A be an ideal. Then the Rees algebra
Ž .R I has only rational singularities if and only if the extended Rees algebra
Ž .R I has only rational singularities.
We shall give an alternative proof of this theorem with geometric flavor.
The proof needs the following lemma, which is proved for rational singu-
 larities in characteristic zero by Bingener and Storch BS and for F-ra-
tional rings in characteristic p 0 as we will see below.
Ž .LEMMA 3.3. Let A, be a local ring essentially of finite type oer
Ž . Ž .  a field and let 0 f. If A, is F- rational, then B A x, y 
Ž . Ž .xy f is also F- rational.
Proof for the F-rational case. It suffices to prove the F-rationality of the
Ž .local ring of B at the maximal ideal   , x, y B, since either x or y is
a unit in local rings of B at primes other than .
First we show that there is an element of A which is a test element of
Ž  .B see HH1 . To see this, let d be a nonzero element of A such that
  Ž .A is regular. Then B  A x, y  xy f is regular, so that somed f d f d
power of fd, which we call c, is a test element of B and of B .
Ž . Ž .Now let a  a , . . . , a be a system of parameters for A. Then1 d
Ž .a, x y is a system of parameters for B . If we put J a, x y B, then
 qq  q q BJ  A a x , y  xy f , x  yŽ . Ž .Ž .
Ž .q  n q1is a free A a -module with basis 1, x, . . . , x , . . . , y, . . . , y . Hence,
nfor z B, we can write z z mod J BJ as z    x 			 x ,0 1 n
Ž .where  , . . . ,   A a .0 n
q q  e q q q qIf z J*, then cz  J for all q p , so that cz  c  c x0 1
q nq Ž q . q nq 			c x  0 in B J . Since 1, x , . . . , x is part of a basis ofn
Ž .q  Ž q . q qthe free A a -module B J , it follows that c  			  c  0 in0 n
Ž .q  Ž . Ž . Ž .A a . Then  , . . . ,   0* a * a in A a , and the F-rationality0 n
of A forces   			    0. Thus we conclude z 0, i.e., z J.0 n
Ž . Ž .Consequently, we see that J* J provided a * a .
Proof of Theorem 3.2. The sufficiency is easy by Boutot’s theorem
  Ž  . Ž .B cf. W0 . So let us prove the necessity. Let R R I , R
Ž . Ž . Ž Ž . n.R I , X  Proj R I , X  Spec  O n t and let X  X Xn 0
Ž Ž . n n. ŽSpec  O n t  O t . Note that our X  here is differentX X Xn 0 n 0
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X Proj R Spec A
Note that 
: X  Spec R is a birational projective morphism since
     X  Proj R IT , where the ring R IT is re-graded by R IT  R0
and deg T 1. This is because the affine coordinate ring of the inverse
I1Ž Ž .. Ž .  image   D ft of the basic affine open subset D ft  Spec A  f
Ž . X f I by      is
I I I
n n n 1 A I t  A t  A It , t f f fn0 n0
I
  R  R IT ,Ž .f T 0f
Ž .which is the affine coordinate ring of the basic affine open subset D fT
  Ž . of Proj R IT . On the other hand, if we write O 1  f O for an affineUX U
  1    Ž .open subset U of X, then O  O ft, t  O x, y  xy f . HenceUX  U U
by Lemma 3.3, X  has only rational singularities if X does.
Now, since R has rational singularities, X Proj R has rational singu-
   larities by Boutot’s theorem B . Then X has rational singularities by E
Ž  .cf. F , and X  also has rational singularities by the above argument. We
iŽ . ialso have H X , O  R
O  0 for i 0, since Spec R and X bothX X
iŽ Ž ..have rational singularities. Hence H X, O n  0 for every i 0 andX
iŽ .n 0, so that H X , O  0.X 
Consequently, we have Ri
 O  0 for i 0, where 
: X  Spec RX 
is a birational projective morphism from a variety X  with only rational
singularities. Thus we conclude that R has only rational singularities.
The Case dim A 2 Reisited. In Section 2, we studied the F-regular-
Ž .ity of Rees algebras R I of an -primary ideal I in a local ring of
characteristic p 0. We now put forward the assumption that the Rees
Ž .algebra R I is -Gorenstein. Note that -Gorenstein F-regular rings
have log terminal singularities. It turns out that the -Gorensteinness
imposes a very strong restriction on the structure of the Rees algebra.
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Ž .THEOREM 3.4. Let A, be a two-dimensional local ring essentially of
finite type oer a perfect field of characteristic p 0 and let I be an -primary
ideal. Then the following conditions are equialent:
Ž . Ž .1 R I has log terminal singularities.
Ž . Ž .2 R I is Gorenstein and F-regular.
Ž . Ž . Ž m.3 A, is a regular local ring and I x, y for some regular
system of parameters x, y of A and an integer m 1.
Ž . Ž . Ž . Ž .Proof. The implication 3  2 is easily checked, and 2  1 fol-
  Ž  .lows from HW see also S1 .
Ž . Ž .To prove the implication 1  3 , let the notation be as in 2.4 and let
Ž .Z be the -exceptional Cartier divisor with IO  O Z . Also, weX X
denote the anti-discrepancies of f and g by  and  , respectively. Theng
˜ is an effective divisor since g : X X is the minimal resolution. Weg
restate what we proved in Proposition 3.1 in the following:
Ž . Ž .i If R I is -Gorenstein, then g*Z  .g
Ž . Ž . Ž .ii If R I is log terminal, then so is X Proj R I , and A is a
regular local ring.
Ž .  	Now, assume that R I has log terminal singularities. Then   0g
Ž .and A is regular by ii . In particular, the Gorensteinness of A implies
˜that the anti-discrepancy  of f : X Spec A has integer coefficients and
that we can consider K . Then  also has integer coefficients byX˜ g
Ž .  	i . Consequently, we have that     0, so that K g*Z is˜g g X
Ž . Ž .f-nef. Hence every E is a 1 -curve or a 2 -curve, and we can easilyi
˜verify that the dual graph of the exceptional divisor EE of f musti
be as follows:
     			  
1 2 			 m 1 m
 Ž . Ž . ŽHere a blank circle resp. solid circle denotes a 2 -curve resp.
Ž . .1 -curve , and the numbers outside of the vertices denote the coeffi-
Ž .cients of g*Z. Condition 3 immediately follows from this.
Ž . Ž .Remark. There is an easier direct proof for the implication 2  3 ;
 see G and the proof of Proposition 3.8.
Ž .Discussion 3.5. Let A, be an excellent local ring of characteristic
Žp 0. Then one can easily see the following implications HWY, Theo-
 .rem 4.2 ; see also Theorem 3.2 :
R  is Gorenstein F-rational R  is Gorenstein F-rationalŽ . Ž .
 R  is F-regular.Ž .
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In dimension two, the first condition is equivalent to the condition that
Ž . Ž .A is regular terminal see Theorem 3.4 . Also, the third one is equivalent
Ž . Ž .to the condition that A is F-regular log terminal see Corollary 2.2 . So
we ask the following question.
QUESTION 3.6. Let A be a two-dimensional excellent local ring of charac-
Ž .teristic p 0. When is R  Gorenstein and F-rational?
The answer to this question is that A is regular or is an F-rational
double point; see below. Also, we notice that the class consisting of these
rings is corresponding to that of local rings having ‘‘canonical singularities’’
Ž .in characteristic zero in dimension two . Before giving an answer, we
 recall the notion of ‘‘good ideals’’ defined in GIW .
Ž .DEFINITION 3.7. Let A, be a Gorenstein local ring of dimension d.
An -primary ideal I is said to be a good ideal if the associated graded
Ž . Ž Ž ..ring G I is Gorenstein with a G I  1 d. It is known that I is good
Ž 2 .if and only if I is stable i.e., I  JI for some minimal reduction J of I
Ž . Ž . Ž . Ž Ž ..and e I  2 	 l AI , where e I resp. l AI denotes the multiplic-A A
Ž .ity resp. colength of I.
If A is a two-dimensional Gorenstein F-rational local ring, then I is
good if and only if it is integrally closed such that IO is an invertibleX˜
˜ Ž    .sheaf on the minimal resolution X of Spec A see GIW and WY .
Ž .PROPOSITION 3.8. Let A, be a two-dimensional F-finite local ring
and let I be an -primary ideal of A. Then the following conditions are
equialent:
Ž . Ž .1 R I is Gorenstein and F-rational.
Ž .2 Either one of the following two cases occurs:
Ž . Ž . Ž m.a A, is a regular local ring and I x, y for some regular
system of parameters x, y of A and an integer m 1.
Ž .b A is an F-rational double point and I is good.
Ž .Proof. First suppose 2 . In both cases, A is F-rational and I is
Ž  . Ž . Ž integrally closed see G, GIW . Thus R I is F-rational see HWY,
.Theorem 4.2 .
Ž . Ž .Next suppose 1 . By assumption, R I is Gorenstein and F-rational,
Ž .and thus is F-regular. Then A and R I are also F-regular. In particular,
Ž . Ž Ž .. Ž .R I is a CohenMacaulay normal domain and a G I  r I  2	1.
Ž .Thus I is an integrally closed ideal with r I 	 1.
Ž . Ž . 1 Ž .Moreover, since G I  R I t R I is Gorenstein, so is A. It
follows that A is an F-rational double point or a regular local ring. If
Ž . Žr I  0, then I is a parameter ideal of A and A must be regular see
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 . Ž .G . On the other hand, if r I  1, then I is good and A is an F-rational
Ž  .double point see GIW .
Ž .Remark 3.9. Comparing with Theorem 3.4, we see that case a of
Ž .Proposition 3.8 is exactly the case where the honest Rees algebra R I is
Ž . Ž .Gorenstein and F-rational. In case b , R I is F-regular but not -Goren-
stein.
The Case Where dim A 3. In the following, we consider the converse
of Proposition 3.1 in some case, using Theorem 3.2. Namely, we ask the
following question:
QUESTION 3.10. Let A be a three-dimensional -Gorenstein normal local
ring which is essentially of finite type oer a field k of characteristic zero. If A
Ž .has only a terminal singularity, then does the Rees algebra R  hae only log
terminal singularities?
The question is affirmative in the case where dim A 2, since a
Ž .two-dimensional terminal singularity is regular. In this case, R  is also
Gorenstein.
The next proposition gives an affirmative answer to Question 3.10 in the
case of Gorenstein local rings.
PROPOSITION 3.11. Let A be a three-dimensional Gorenstein normal local
ring which is essentially of finite type oer a field k of characteristic zero.
Assume that A is not regular. If A has only a terminal singularity, then the
Ž .Rees algebra R  has only log terminal singularities and is Gorenstein.
Ž .Remark. If A is regular, then R  has only log terminal singularities
but is not Gorenstein.
Proof of Proposition 3.11. Since A is a Gorenstein terminal singularity
of dim A 3, it is a cDV singularity, that is, AxA is a rational double
point for some non-zero-divisor x. Put B AxA for such an ele-
ment x. Since B is integrally closed and dim B 2, Lipman’s
  Ž .theorem L implies that R B has only rational singularities, and thus
Ž .so does R B by Theorem 3.2.
Ž . Ž .On the other hand, as e   e xA  2, x is a superficial
Ž .element for . Since A is a hypersurface, so is G  . In particular, as
Ž . n n1G  is CohenMacaulay, we have that xA  x for all n 1.
Ž . Ž . Ž .This shows that R B  R  xtR  .
Ž .As described above, as R B has only rational singularities, so does
Ž . Ž  . Ž .R  see E . Hence R  has only rational singularities by Boutot’s
 theorem B .
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Ž .To complete the proof, it suffices to prove that R  is Gorenstein. But
Ž . Ž Ž ..this follows from the Gorensteinness of G  and a G  2.
The key point in the above proof is that any three-dimensional Goren-
stein terminal singularity admits a non-zero-divisor x such that AxA
is a rational double point. From this point of view, we prove a result
similar to Proposition 3.11 in positive characteristic. Namely we have
PROPOSITION 3.12. Let A be a three-dimensional excellent Gorenstein
normal local ring of characteristic p 0. Assume that A is not regular. If A
admits a non-zero-diisor x such that AxA is F-rational, then the Rees
Ž .algebra R  is Gorenstein and F-rational.
Ž .Proof. Sketch . Take a non-zero-divisor x such that AxA is
F-rational and put B AxA. Since B is a Gorenstein F-rational local
Ž . Ž .ring with dim B 2, it is an F-rational double point. Since e  	 e B
Ž .holds in general, we have that e   2 and that x is a superficial
Ž . Ž Ž ..element for . In particular, G  is a hypersurface with a G  2.
Ž .Thus R  is Gorenstein. Also, by the same argument as in the proof of
Ž . Ž . Ž .Proposition 3.11, we get R B  R  xtR  .
On the other hand, since B is F-rational of dim B 2, we obtain that
Ž .   Ž .R B is F-rational by HWY, Theorem 4.2 . Hence R  is F-rational
Ž  . Ž .see HH3 . Also, as R  is Gorenstein, it is F-regular, and thus so is
Ž .R  .
Discussion 3.13. The second author defined the notion of F-terminal
  Ž .rings W4 : Let A, be an F-finite reduced local ring and let  be the
Ž .defining radical ideal of the singular locus Sing A of A. We say that A is
F-terminal if for all sufficiently large q pe, there exists an element
c  q such that an A-linear homomorphism A A1 q sending 1 to c1 q
splits.
In general, F-terminal rings are strongly F-regular. Also, if A is a
-Gorenstein F-terminal ring and if f : X Y Spec A is a proper
birational morphism with X normal, then we can write K  f *K X Y
Ýs a E with a  0, where E s E denotes the exceptional divisori1 i i i i1 i
of f. This means that -Gorenstein F-terminal rings have only terminal
singularities. Furthermore, he showed that terminal singularities of dimen-
sion at most three have F-terminal type. But this is not true in higher
  Ž 3 4 4 6 6.dimensions. In fact, k x, y, z, w, u  x  y  z  w  u is a termi-
nal singularity but not F-terminal type.
Also, it is known that the assumption as in Proposition 3.12 yields the
ŽF-terminality of A. Although we do not know that the converse is true in
.small prime characteristics , we believe that it is true.
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